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Abstract

The starting point of this work is the need of precise and correct input data for material forming codes. The use of these codes as a direct
model for inverse analysis of the processes permits to extend the validity range of the thermomechanical parameters in terms of temperature,
strain and strain rate. The identification software was developed on the basis of the 2D and of a 3D finite element code (FORGE2® and
FORGE3®) simulating forming processes and using a thermo–elasto–viscoplastic behaviour. The optimisation problem is based on a Gauss
Newton algorithm and necessitates the evaluation of the derivatives of the cost function and of the sensitivity matrix to solve the system.
Different methods are proposed to evaluate these derivatives. We have studied deeply analytical evaluation, finite difference techniques
and recently semi-analytical derivatives. In this paper we present the main feature of the semi-analytical derivatives and the comparison
with numerical ones on the parameter identification during upsetting tests. The semi-analytical method of sensitivity analysis for inverse
problems is very attractive thanks to the compromise between computational time and ease of derivatives evaluation. Especially for parameter
identification in material forming domain, this technique seems to be promising. 2002 Éditions scientifiques et médicales Elsevier SAS.
All rights reserved.
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1. Introduction

At the present time, a large part of finite element codes are
supposed to be sufficiently robust and stable to have confi-
dence in their results. Ones can consequently question the
validity of input data in case of bad results of the code.
As an example, the results of a material forming simula-
tion are very sensitive to the input data like rheological law
and tribological model. The evaluation of these thermome-
chanical parameters is crucial. The parameter identification
is a necessary step toward optimisation of forming process
simulation. A parameter identification module, working as
an inverse code, was developed. The direct model is based
on a 2D and on a 3D finite element software FORGE2®

and FORGE3®) devoted to the simulation of metal form-
ing processes. The principle of identification is to determine
the optimal set of thermomechanical parameters minimis-
ing the distance between experimental and numerical results.

✩ This article is a follow up a communication presented by the authors at
the EUROTHERM Seminar 68, “Inverse problems and experimental design
in thermal and mechanical engineering”, held in Poitiers in March 2001.
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This deviation is expressed by a cost function using the least
square method which has an interest for non-linear models
[1]. An optimisation algorithm based on the Gauss Newton
method is used to solve the problem. It requires experimen-
tal quantities like the load or the shape of the part, and it
delivers various coefficients involved in the constitutive and
friction laws. Sensitivity analysis of the software response
with respect of the thermomechanical data is then absolutely
necessary.

Several methods are used for sensitivity evaluation: finite
difference methods [2], analytical techniques and semi-
analytical evaluation. The analytical method is appreciated
by its efficiency and its accuracy in large deformation with
remeshing [3]. The advantage of the finite difference deriva-
tives is the simplicity of their evaluation and implementation
even for complex mathematical models [2,4]. Thanks to this
technique, the inverse module can play the role of black box
and be connected to any direct mode. Moreover, it can be
quickly implemented. The main drawbacks, especially in
material forming, are the sensitivity of these derivatives to
the remeshing and the bad precision of the derivatives espe-
cially for elasto-viscoplastic behaviour. The third direction is
the semi-analytical or quasi-analytical estimation of the sen-
sitivity matrix. This method is studied mainly for structural
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Nomenclature

σ stress tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . kPa
s deviatoric part of the stress tensor . . . . . . . . kPa
p hydrostatic pressure . . . . . . . . . . . . . . . . . . . . . kPa
Ω(t) domain of the piece at timet
∂Ωc contact surface
∂Ωn free surface
τ friction shear stress . . . . . . . . . . . . . . . . . . . . . kPa
ρc heat capacity . . . . . . . . . . . . . . . . . . . . J·K−1·m−3

k conductivity . . . . . . . . . . . . . . . . . . . . W·K−1·m−1

h global heat transfer coefficient . . . W·K−1·m−2

λ set of thermo–mechanical parameters

Npar number of thermo–mechanical parameters
R mechanical residue
[C] heat capacity matrix
[K] heat conductivity matrix
Q load vector
N load . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m·s−2

G geometry data . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
Ψ cost function
Jλ Gauss–Newton matrix
S sensitivity matrix

optimisation [5,6]. It represents a good alternative between
the finite difference method using the direct model and the
analytical techniques, for which is necessary to go deeply
in the core of the code to differentiate. Some authors ex-
hibit limitations of the semi-analytical method mainly due
to the imprecision and especially depending on the type of
elements chosen: shell, beam, solid, membrane. The error
increases with the number of elements chosen.

In this paper we use the semi-analytical method for
parameter identification in material forming. The aim of
this study is to perform a simultaneous rheological and
tribological identification during classical upsetting tests.
One of the main problems is determination of the friction
coefficient. In fact, if the results of the tests are not
sensitive enough with respect to the tribology, it will
be extremely difficult to identify the friction parameter.
Comparisons between finite difference method and semi-
analytical derivatives for sensitivity evaluation are discussed,
using 2D (FORGE2®) and 3D (FORGE3®) direct model.

2. Direct and inverse problem

2.1. Direct finite element model

The direct model (FORGE2® or FORGE3®), is a finite
element software devoted to the simulation of material form-
ing processes. The mechanical equilibrium is represented by
the following equations:


div s − ∇p = 0 inΩ(t)

divv = 0 inΩ(t)

σn � 0

(v − vtool) · n� 0

σn(v − vtool) · n= 0


 on∂Ωc

σn= 0 on∂Ωn

(1)

wheres is the deviatoric part of the Cauchy stress tensor,
p the hydrostatic pressure,Ω(t) the domain occupied by
the workpiece and∂Ω the boundary of the domain,v the

velocity field, vtool tools velocity, σn the normal stress
vector andσn = σn · n.

The elastic part of strain tensor is expressed with the
Hooke’s law and the viscoplastic part with the Norton–
Hoff’s law. The material obeys to the Von Mises yield cri-
terion. The material is assumed homogeneous and isotropic.
The rheological and tribological models are represented by:

σ0 =K(
T , ε̄

)
exp(β/T )

(
ε̄+ ε̄0

)n(T ,ε̄)(√
3˙̄ε)m(T ,ε̄)

τ = − �mσ0√
3

∥∥(v − vVtool) · t
∥∥(v − vVtool) · t

(2)

with K the consistency of the material,n the strain harden-
ing coefficient,m the strain rate sensitivity index,β thermal
parameter,̄ε the equivalent plastic strain,˙̄ε the equivalent
plastic strain rate anḋε the strain rate tensor,σ0 the plastic
yield stress,τ friction shear stress,�m the friction coefficient
(Tresca model),t the tangential vector. The input data of the
model are the mathematical formulation of both the rheo-
logical and the tribological models represented by Eq. (2),
together with the operating conditions in terms of tempera-
ture and tools velocities.

The thermal equilibrium is written as following:
ρc

dT

dt
− ∇ · (k∇T )= Ẇ inΩ(t)

−k∇T · n= h(Tp − Text) on∂Ω
(3)

with ρc the heat capacity,k the conductivity,Ẇ = σ : ε̇ the
heat part dissipated through plastic deformation,Tp the part
surface temperature,Text the surrounding temperature,h the
global heat transfer coefficient andn the external surface
normal. The thermal boundary conditions can be expressed
as:

– radiation and convection with:

h= hcv + hr on∂Ωn

hr = εrσr(Tp + Text)
(
T 2 + T 2

ext

)
andhcv depending on the material and on the external
properties;



E. Massoni et al. / Int. J. Therm. Sci. 41 (2002) 557–563 559

– diffusion condition on∂Ωc with h depending on the
materials in contact.

The mechanical problem stated Eq. (1) is expressed using the
principle of virtual work and solved with a Newton–Raphson
algorithm. An updated Lagrangian method combined with
a P2/P0 velocity/pressure mixed finite element formulation
is used. For large deformations, a remeshing algorithm is
automatically used. The discretised form of the principle of
virtual work is written at each time stept :

Rt
(
λ,Xt , T t−"t ,V t

) = 0 (4)

Whereλ is a set of rheological and tribological parameters
representing the material model,Xt is the vector of coordi-
nates of the mesh nodes,T t−"t , V t , respectively, discretised
temperature and velocity. As an example with the formula-
tion given by Eq. (2) and the assumption ofK, n andm
constants:

λ= (K,β,n,m,�m) (5)

The system represented by Eq. (4) is non-linear and solved
by a Newton–Raphson method.

The thermal equilibrium is written in a variational form
through Galerkin method. The finite element discretisation
of the thermal equation is done using piecewise linear in-
terpolation of temperatureT (P1 elements). The discretised
form of thermal problem is:

[C]dT t

dt
+ [K]T t =Q(

V t
)

(6)

where[C] is the capacity matrix and[K] the conductivity
matrix.Q is the loading vector.

Then solving the thermomechanical equations Eq. (4) and
Eq. (6), the direct model provides the distribution, in time
and space, of local variables like stress, strain, temperature,
and also global variables like forceF calc and geometry
Gcalc. These terms depend on the input data chosen for the
finite element simulation:

Ncalc(λ,V,X)= (
F calc(λ,V,X),Gcalc(λ,V,X)

)
(7)

These variables can be compared with those coming directly
from the experimental set up denoted byNexp. These
quantities are called observables. The software, working
as an inverse problem, determines the set of parameters
λ minimizing the gap between experimentalNexp and
calculated valuesNcalc.

2.2. Inverse model

The deviation between computed observables and experi-
mental ones is expressed via an objective functionΨ written
using the classical least square method. The optimisation
problem is then:




Minλ∈C Ψ (λ)
Ψ

(
λ,Ncalc(λ),Nexp

)
=

n∑
l=1

(Ncalc
l (λ)−Nexp

l )2

βl
with βl =

(
N

exp
l

)2
or

=
∑n
l=1(N

calc
l (λ)−Nexp

l )2

β
with β = ∑n

l=1

(
N

exp
l

)2

(8)

Where n is the number of experimental points,β is the
weight function associated to the experimental points andC

is the parameter constraint space. Depending on the quality
of the experimental information, the weight function could
be constant for all then-points or varying from one point to
another.

A Gauss–Newton method is used to solve the problem:

λk = λk−1 − [
Jλ

(
λk−1)]−1 dΨ

dλ

(
λk−1) (9)

with:


dΨ

dλ
= 2

n∑
l=1

βl
(
Ncalc
l (λ)−Nexp

l

)dNcalc
l

dλ

Jλ ∼= 2
n∑
l=1

βl
dNcalc
l

dλ

[
dNcalc
l

dλ

]T (10)

Jλ is the Jacobian matrix ofdΨdλ with respect toλ, neglecting
the second order derivatives. The convergence of algo-
rithm (8) depends on the influence of the parametersλ on the
observableN and thus on the sensitivity matrix S= dN

dλ · S
can be evaluated either by a finite difference method or by
analytical differentiation [2,3]. The disadvantage of the first
one is that the computational time increases significantly
with the number of parameters. In this paper we propose to
compare two ways for sensitivity matrix evaluation: finite
difference method and semi-analytical derivatives.

Of course, the uniqueness of the solution is difficult to
prove as problem (8) is highly non-linear, then we can often
fall into local minima. Nevertheless, mechanical parame-
ter identification is favourable for using such techniques in
which, in general case, we have a good idea about the vari-
ation range. Then the initial guess could be easily chosen.
Secondly, the ratio between number of experimental points
(more than one thousand) and the number of parameters to
be identified (around 20) vary also in a positive way.

3. Sensitivity analysis

The sensitivity matrix evaluation using finite difference
method is based on the first order approximation ofS: for
each parameterλj (j = 1,NPar), the derivatives are:

Sij = dNcalc
i (λ)

dλj

= Ncalc
i (λ+"λjej )−Ncalc

i (λ)

"λj
+ O("λj ) (11)
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ej : j th vector of the canonical basis ofIRNpar.
Npar: number of parameters to identify.

This method is very easy to implement as it is external
to the direct model and any rheological or tribological
model can be differentiated. Nevertheless the main drawback
are the high CPU time for high number of parameters (it
necessitates(NPar+ 1) simulations), and their sensitivity to
remeshing. Semi-analytical differentiation method aims to
avoid these problems. The method proposed in this paper
takes advantages of both the numerical differentiation and
the analytical evaluation of the derivatives. This formulation
is independent of the remeshing algorithm (no discontinuity
of the computed derivatives when remeshing), and we
can differentiate any kind of mathematical model without
additional effort. The sensitivity matrix evaluation is based
upon the direct differentiation of the discrete problem
represented by Eq. (4). The sensitivity matrix is written:

S = dN

dλ
= lim
θ→0

N(λθ ,Xθ ,Vθ )−N(λ,Xt ,V t )
θλ

(12)

With:{
λθ = λ+ θλ
Xθ =Xt + dXt

dλ
θλ

(13)

WhereV θ is defined by:

V θ = V t + dV t

dλ
θλ (14)

dV t
dλ is obtained thanks to the differentiation of the direct

problem (4):

dRt

dλ
= dR

dλ

∣∣∣∣
v

+ ∂R
∂V

dV t

dλ
= 0 (15)

It comes:

dV t

dλ
= −

(
∂R

∂V

)−1 dR

dλ

∣∣∣∣
v

= −H−1(V t)dR

dλ

∣∣∣∣
v

(16)

The inverse of the Hessian matrix (denotedH−1(V t )) is
already evaluated during the resolution of the direct problem
Eq. (4) through the Newton–Raphson algorithm. The partial
derivatives ofR with respect toλ keepingV t constant in
Eq. (16) could be analytically calculated or evaluated by a
finite difference method. For an elastic-plastic model using
Prandtl–Reuss equations, the analytical derivatives are long
and difficult to obtain. Then, a finite difference scheme is
chosen. All the quantities are then simultaneously perturbed
(except the velocity) for a forward finite difference method:

dR

dλ

∣∣∣∣
v

= lim
θ→0

R(λθ ,Xθ ,V t , T θ )−R(λ,Xt ,V t , T t−"t)
θλ

(17)

whereT θ = T t−"t + dT t−"t
dλ θλ dT t−"t

dλ has ever been com-
puted at the last increment (cf. Eq. (19)). Thanks Eq. (4) we
obtain:

dR

dλ

∣∣∣∣
v

= lim
θ→0

R(λθ ,Xθ ,V t , T θ )

θλ
(18)

As the direct model, the inverse model requires the resolu-
tion of a thermo–mecanical coupled problem. OncedV t

dλ is

estimated, it is necessary to computedT t
dλ from the differen-

tiation of Eq. (6), using a semi-analytical scheme.

[C] d

dt

(
dT t

dλ

)
+ [K]dT t

dλ
= Q(V

θ)−Q(V t )
θλ

(19)

After remeshing, the nodal values of the derivatives ofXt

and T t are kept using an accurate “transport”. In order
to determine the friction coefficient, the simulated tests
should be sensitive enough with respect to friction. In the
opposite case, identification of friction coefficient should not
be possible. However, an example will be given in Section 4,
showing that it is possible to quantify the friction with
an upsetting test for which the cylinder is long enough.
Many simulation tests have been suggested. In case of
forging, ring test and cylinder upsetting are well-known. The
aim of this study is to perform a tribological identification
thanks to the influence of friction on the shape during
upsetting. The software was improved with the use of a
new observable: the barrelingG = ("R) for a cylinder
upsetting (Fig. 1). During cylinder upsetting, the force is
influenced by the velocity of the punch and not much by the
friction coefficient, whereas the barreling of the cylinder is
sensitive to the friction coefficient values but not to the tool
velocity. With this remark, rheology and tribology could be
identified separately. The force allows determination of the
rheological parameters for any kind of friction conditions
at the interface and the geometry allows evaluation of the
friction coefficient with material parameters provided by the
first identification.

Fig. 1. Barrelling "R of upsetting test (half part simulated) using
FORGE2®.



E. Massoni et al. / Int. J. Therm. Sci. 41 (2002) 557–563 561

4. Results obtained by a numerical identification

4.1. Finite difference evaluation of sensitivity matrix

A numerical identification is made with an artificial ex-
perimental space: after several numerical simulations using
the direct model FORGE2®, an artificial space supplying
(F,G) is created. Then, the identification software should
supply the values of the rheological and tribological parame-
ters used to create this space. Such values are called nominal
values. The interest of this approach is to validate the soft-
ware numerically and to prove the efficiency of the geometry
for the evaluation of friction values. A cylinder upsetting
was carried out with two geometries (Height/Diameter=
0.75, and Height/Diameter= 1.5), currently used in ex-
periment. The behavior is elasto-viscoplastic with a Tresca
model (Eq. (2)) at the interface. The elastic parameters are
E = 200 000 Mpa,ν = 0.34 and the nominal values are
K0 = 50.2, m = 0.14, n = 0.07, �m = 0.8. To start identi-
fication, the initial values of the coefficients areK0 = 10,
m = 0.6, n = 1 and�m = 0.2. The identified parameters are
in the main cases obtained when the conditionΨ � 10−4 is
satisfied. Because of the sensitivity with respect to the strain
rate, three upsetting tool velocities are used for a complete
identification: 3.75 mm·s−1, 7.5 mm·s−1 and 15 mm·s−1.
A 50% upsetting is made.

Authors noticed that the information on geometry evolu-
tion is always needed for a low friction. For a high friction
andH/D = 0.75, the force allows convergence, which is not
the case for the cylinder of ratioH/D = 1.5 (Tables 1 and 2).
For the scenario illustrated in Table 1 and forH/D = 0.75,
the influence of the friction on the geometry(G) during
identification, while the force(F ) is not much affected (5
step:�m = 0.2, 0.733, 0.804; 0.799, 0.8). However, an iden-
tification on �m = 0.8 with this ratio and the force only was
possible (Table 1). For the complete identification with a ra-
tio of H/D = 1.5, the stop condition is not satisfied with

Table 1
Results of an identification on�m with or without the help of the geometry

Observable F (F,G) F (F,G)

H/D = 0.75 H/D = 0.75 H/D = 1.5 H/D = 1.5

Optim. step 3 4 3 5
�m 0.801117 0.800050 0.200626 0.799848
Error 6.65× 10−5 2.95× 10−6 No conv. 1.26× 10−5

Table 2
Results of a complete identification with or without the help of the geometry

Observable F (F,G) F (F,G)

H/D = 0.75 H/D = 0.75 H/D = 1.5 H/D = 1.5

Optim. step 10 5 11 6
K 50.2067 50.2013 50.8986 50.0325
m 0.139999 0.140005 0.139850 0.139098
n 0.070012 0.070019 0.061681 0.066750
�m 0.798727 0.800073 0.010225 0.694427
Error 4.35× 10−5 3.20× 10−5 No conv. 9.40× 10−3

(F,G). In fact, the lack of remeshing does not allow a con-
vergence with a good accuracy.

4.2. Semi-analytical evaluation of sensitivity matrix

4.2.1. Evaluation with the 2D software
Comparisons were made between semi-analytical and nu-

merical derivatives. As an example, for 3 parameters,K0, n
andm the finite difference method, used in Section 4.1, re-
quires 6 finite element simulations per experimental curve
and per optimisation iteration. The semi-analytical method
requires only 3 simulations per iteration and per experimen-
tal curve. This leads to faster and more precise identification
with the semi-analytical derivatives. In this part we focus
only on the rheological parameter identification with the
help of the compression force knowledge. The nominal val-
ues of thermomechanical parameters are the same as the
previous ones. A cylinder upsetting was carried out with

Fig. 2. Computed and Experimental compression forces-displacement
curves for three optimisation iterations, without remeshing and with finite
difference derivatives.

Fig. 3. Computed and Experimental compression forces-displacement
curves for three optimisation iterations, without remeshing and with
semi-analytical derivatives.
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a ratio ofH/D = 1.5 currently used in experiment. Usu-
ally this geometry is more sensitive to the rheology than
the shorter one where the friction evolution at the interface
plays a non-negligible role in the material flow. Figs. 2 and 3
show the evolution of the compression force during upset-
ting test versus the punch displacement without remeshing
during the process simulation. In Fig. 2 the sensitivity ma-
trix was based on finite difference technique while in Fig. 3
it was based on semi-analytical evaluation. Both techniques
converge to the nominal values with smaller CPU time for
the semi-analytical evaluation. The forces evaluated by the
software during optimisation step are compared to the ex-
perimental ones.

The discrepancy with the experimental results is more
important in Fig. 3. In Figs. 4 and 5, the same identification
but with remeshing during the simulation are plotted. In

Fig. 4. Comparison between Computed and Experimental compression
forces-displacement curves for one optimisation iterations (no conver-
gence), with remeshing and with finite difference derivatives.

Fig. 5. Computed and Experimental compression forces-displacement
curves for two optimisation iterations, with remeshing and with
semi-analytical finite derivatives.

Fig. 4, the computation failed with numerical derivatives,
then only the 1st optimisation step is represented. In Fig. 5,
it is not possible to distinguish the experimental result from
the 2nd and final optimisation iteration.

4.2.2. Evaluation with the 3D software
We consider the same test case. The identification is done

using a 3D direct model (FORGE3®). The formulation of
the mechanical and of the thermal problem is similar to
FORGE2®. The use of a 3D direct model should allow
for the identification of mechanical parameters from 3D
rheological tests [7] (Plane strain compression test for
example). We consider the same geometry as in the previous
examples (Fig. 6) and we compare the efficiency of the finite
difference method and of the semi-analytical derivatives
using remeshing.

The computations with remeshing have been done for
a 50% upsetting. The finite difference method does not
converge in this case. This is probably due to the diffusion

Fig. 6. Simulation with FORGE3® of the uniaxial compression of a section
of a cylinder.

Fig. 7. Evolution of dN/dK with respect to the iterations of Gauss–Newton
algorithm with remeshing.
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Fig. 8. Evolution of the parameters with respect to the iterations of
Gauss–Newton algorithm with remeshing.

Fig. 9. Evolution of the cost function with respect to the iterations of
Gauss–Newton algorithm with remeshing.

error caused by transfer of history variables after remeshing.
For example, we can see a jump in the curve representing the
derivatives of the load(N)with respect to the consistencyK,
versus the displacement (Fig. 7). This jump is not present
when using the semi-analytical derivatives (Eq. (12)), as
shown in Fig. 6. Sensitivity to remeshing seems to be more
important with the 3D direct model. Then, Gauss–Newton
algorithm converges with remeshing only using the semi-
analytical method (Figs. 8 and 9). This method seems to be
very precise and the convergence is reached after 4 Gauss–

Newton iterations. It underlines that finite difference method
cannot be used in such a case.

5. Conclusion

The use of semi-analytical derivatives in sensitivity analy-
sis is a good alternative to the finite difference method or
analytical evaluation. Especially when the complexity of
material model is increasing as the elasto-viscoplastic be-
haviour and sophisticated friction law. It is also well known
that numerical derivatives are highly mesh-dependent. The
influence of remeshing and, above all, transport of vari-
ables from the old mesh to the new one is deterministic for
the choice of precise evaluation of sensitivity matrix. The
semi-analytical differentiation scheme, with the 2D and the
3D formulation, is stable, contrary to the finite difference
method.

The future work will be the use of this technique
for identification of material parameters including heat
transfer coefficients on real experimental observation during
forming processes like inertia friction welding, forging and
hydroforming.
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